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CONVEX REAL PROJECTIVE STRUCTURES
ON COMPACT SURFACES

WILLIAM M. GOLDMAN

Abstract

The space of inequivalent representations of a compact surface § with
x(8) < 0 as a quotient of a convex domain in RP’ by a properly dis-
continuous group of projective transformations is a cell of dimension
—-8x(5).

The purpose of this paper is to investigate convex real projective struc-
tures on compact surfaces. Let RP® be the real projective plane and
PGL(3, R) the group of projective transformations RP* — RP”. A convex
real projective manifold (convex RPz-manifold) is a quotient M = Q/T",
where Q C RP? is a convex domain and I’ c PGL(3, R) is a dis-
crete group of projective transformations acting properly on Q. The
universal covering of M may then be identified with Q, and the fun-
damental group z,(M) with I'. Two such quotients M, = Q,/T', and
M, = Q, /T, are projectively equivalent if there is a projective transfor-
mation # € PGL(3, R) such that 4(Q,) = Q, and Al A~' =T,. The
classification of convex RP’-manifolds with x(M) > 0 is due to Kuiper
[30], [31] in early 1950’s.

If S is a closed smooth surface, then a convex RP’-structure on S is
defined to be a diffeomorphism f:S — M where M is a convex RP-
manifold; two such pairs (f, M) and ( f, M') are regarded as equiv-
alent if there is a projective equivalence #:M — M’ such that Ao f
is isotopic to f'. Let m = = (S) by the fundamental group of S.
Given a convex RP’-structure on S , the action of 7 by deck transforma-
tions on the universal covering space of S determines a homomorphism
7 — PGL(3, R), well defined up to conjugacy in PGL(3, R). The set of
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projective equivalence classes of convex RP*-structures on S has a natu-
ral topology which can be identified with an open subspace of the space
Hom(n, PGL(3, R))/PGL(3, R) of conjugacy classes of representations
n — PGL(3, R). (When S has boundary, we assume that the boundary
is represented by closed geodesics each having a geodesically convex collar
neighborhood). We call this space the deformation space of convex RP?-
structures on S and denote it by P(S). We determine explicit coordinates
on this space; our main result is the following.

Theorem 1. Let S be a compact surface having n boundary compo-
nents such that x(S) < 0. Then B(S) is diffeomorphic to a cell of dimen-
sion —8x(S) and the map which associates to a convex R]P’2-manifold M
the germ of the RP*-structure near M is a fibration of B(S) over an open
2n-cell with fiber an open cell of dimension —8x(S) —2n.

Corollary. Let S be a closed orientable surface of genus g > 1. Then
the deformation space ‘B(S) of convex RP*-structures on S is diffeomor-
phic to an open cell of dimension 16(g —1).

The deformation space PB(S) is an analogue of the Teichmiiller space
%(S) of S, which is classically known (Fricke and Klein [12]) to be an
open cell of dimension 6(g — 1). Using the Klein-Beltrami projective
model for hyperbolic geometry, every hyperbolic structure on S defines
a convex ]R]P’z-structure; thus %(S) embeds in PB(S). The mapping class
group of S acts properly discontinuously on PB(S) as well as on Z(S);
indeed P(S) admits an equivariant retraction onto (S). The space P(S)
promises to have very interesting geometry: there is a canonical symplectic
form on P(S) ([14], [19]) as well as Riemannian metrics on P(S) both of
which restrict to the Weil-Petersson Kéhler form and the Weil-Petersson
Riemannian metric on %(S); perhaps these constitute a Kahler geometry
on P(S) extending the Weil-Petersson Kihler geometry of %(S) (see [40]).
Moreover projective duality defines a natural involution P(S) — P(S)
whose stationary set equals Z(S).

Recently Suhyoung Choi, in his Princeton dissertation [7], showed that
every closed RP’-manifold M with x(M) < 0 admits a canonical decom-
position into convex subsurfaces along closed geodesics. Such decompo-
sitions (and hence the developing maps) are parametrized by a countably
infinite set D(S) defined as follows. Consider families of pairs (y;, w,)
where {7}, , is a family of disjoint simple closed curves such that
each y;, is homotopically nontrivial and no two », are homotopic. Let
w, = w,(x,y) be an element of the free semigroup on two generators
x, ¥ which has even word-length in the x, y. The set D(S) is defined
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as the set of equivalence classes of families {(y,w,)},. », where two such
families are equivalent if the corresponding families {7:},c~ are isotopic
collections of curves. As in [16], the various ways M can be decomposed
into convex subsurfaces are parametrized by D(S), and combining Choi’s
theorem with the coordinates developed in this paper we obtain [8]:

Corollary. Let S be a closed surface with y(S) < 0. Then there exists
a canonical diffeomorphism

RP*(S) — PB(S) x D(S).
In particular R]PZ(S )is a countable union of open cells of dimension —8y(S).

The paper is organized as follows. In §1, certain facts about the group of
projective transformations are collected. The projective transformations
which arise from convex RP’-structures on closed surfaces are all repre-
sented by matrices with three positive eigenvalues; we call such projective
transformations positive Ayperbolic. Their conjugacy classes in PGL(3, R)
form an open 2-cell. In 1.4-1.8 we give three equivalent sets of coordi-
nates for this space of conjugacy classes. In 1.9-1.11 the dynamics of a
positive hyperbolic projective transformation is discussed, and in 1.12 a
technical lemma on the action of PGL(3, R) by conjugation is proved.

§2 discusses general facts concerning real projective structures and their
deformation spaces. The definition of a general RP’-structure on a mani-
fold is given and the development theorem is stated; from this we define the
deformation space RIP’Z(S ) of RP’-structures on a closed surface S. Such
deformation spaces have been studied in numerous related contexts ([13],
[22], [29], [34], [35], [38]); their prototype being the Teichmiiller space,
regarded as the deformation space for hyperbolic structures on compact
surfaces. Unlike surfaces of zero Euler characteristic ([2], [13], [20], [35])
where the deformation space is neither Hausdorff nor a manifold, we prove
in 2.4:

Theorem. Let S be a closed surface with x(S) < 0. Then the defor-
mation space RIP’Z(S) is a Hausdorff real analytic manifold of dimension
—~8x(S).

In 2.7 these notions are extended to RP’-structures on surfaces with
boundary. If § is a compact surface with boundary, we consider RP*-
structures such that each boundary component possesses a convex collar
neighborhood.

83 is concerned with the property of convexity of RP’-structures. The
usual notion of geodesic convexity is equivalent to the condition that the
universal covering space is projectively equivalent to a convex domain in
RP? . The basic results on convex RP’-structures on a closed surface S are
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due to Kuiper [31], Kac-Vinberg [23] and Benzécri [4]. It follows from this
work that if M isa convex RP*-manifold with x(M) <0, then the univer-
sal covering space of M is a strictly convex domain € C RP* containing
no affine lines; the boundary 9Q isa C !_curve which is either a conic
(in which case the convex RP’-structure on M arises from a hyperbolic
structure on A{ ) or is nowhere C '+ for some & > 0. Furthermore every
element of T" is a positive hyperbolic projective transformation. Results of
Koszul {28], {29] imply (Proposition 3.3) that the condition of convexity
defines an open subset T(S) C RPZ(S) in the full deformation space and
indeed (Proposition 3.4) B(S) may be identified with an open submani-
fold of the space Hom(zn, PGL(3, R))/PGL(3, R) of equivalence classes
of representations of the fundamental group 7z of §. The rest of this
section is devoted to the proof of the following “combination theorem”
(Theorem 3.7), which allows one to build convex RP*-structures by gluing
together RP*-structures on surfaces with boundary along boundary com-
ponents. It is here that the existence of principal collar neighborhoods of
boundary components of convex RP*-manifolds is crucial.

Theorem. Let M, be a (possibly disconnected) compact R]Pz-manifold
with principal boundary, and suppose that b,, b, C 8 M, are boundary
components with collar neighborhoods b, C N(b,) Cc My (i =1, 2). Sup-
pose that f:N(b,) — N(b,) is a projective isomorphism. Then there exist
an R]P’z-manifold M = M,/ f and a simple closed geodesic b C M such
that M|b = M, and a tubular neighborhood N(b) C M of b with a re-
flection R:N(b) — N(b) such that R induces f on N(b)}b C M,. If M,
is a convex RP* -manifold, then M 1is also a convex RIP2~manifold.

§4 proves Theorem 1 for the special case that S is a pair of pants (a
sphere minus three discs). The argument uses the preceding theory to re-
duce the classification to a calculation involving 3 x 3 matrices. Theorem
1 is proved in general in §5, using the results of §§3 and 4 and the decom-
position techniques for surfaces as in [1], [10], [17], [18], [21], [38]. In
5.6 explicit coordinates are given for B(S) based on the Fenchel-Nielsen
coordinates on T(S).
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1. The group of projective transformations

1.1. The real projective plane RP’ is the space of all lines through the
origin in ]R3; if (x,y,z) e R® — {0} is a nonzero vector in R® , the
corresponding point in RP® will be denoted

X

y
z

in homogeneous coordinates. A linear transformation 4 € GL(3, R) pre-
serves lines through the origin; hence A4 induces a transformation of RP?,
which by definition is a projective transformation. The group of such trans-
formations is denoted PGL(3, R), and it is easy to see that there is an
exact sequence

{1} - R" = GL(3, R) — PGL(3, R) — {1},

where R* «GL(3, R) is the central subgroup consisting of scalar matrices.
The analytic homomorphism GL(3, R) — SL(3, R) defined by

A (det A)" 4

defines an isomorphism PGL(3, R) — SL(3, R) as analytic groups. In
particular every projective automorphism g of RP* lifts to an orientation-
preserving linear transformation (also denoted g ) of R®. Thus we shall
henceforth use only the group SL(3, R), tacitly using the above analytic
isomorphism whenever convenient,

1.2. A projective transformation 4 € SL(3, R) is a reflection if and only
if A has order two in SL(3, R). Such a transformation is represented
by a diagonalizable matrix with eigenvalues 1. Necessarily the (—1)-
eigenspace has dimension two, and the stationary set (the (1)-eigenspace)
has dimension one. On the projective plane the (-1)-eigenspace determines
a line /(4) which is pointwise fixed, and the (1)-eigenspace determines a
fixed point p(A4) disjoint from /(A). There are coordinates near /(4) in
which the projective transformation 4 appears as a (Euclidean) reflection,
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and near the isolated fixed point p(A4) there are coordinates in which A4
appears as symmetry about p(A4).
1.3. Consider the three points

1 0 0
p[: O s D= 1 s p3= O
0 0 1

corresponding to the coordinate axes in R’. The three lines joining them
11 = DyD4y, 12=P3P1, 13:1)]1)2,

correspond to the coordinate planes and divide RP? into four triangular
regions:

Ay={lx,y, z] €RP’|x >0, ¥y >0, z>0},
A ={x,y,z]€RP’|x <0, y>0, z>0},
A, ={lx,y, Z]ERP’ly <0, x>0, z>0},
A3={[x,y,z]eRIP2]z<O, x>0, y>0}L

A projective transformation 4 € SL(3, R) which fixes p,, p,, p; is rep-
resented by a unique diagonal matrix in SL(3, R); the transformation
A leaves invariant one triangular region A; (and hence every A,) if and
only if it is represented by a diagonal matrix with positive eigenvalues. We
shall denote the full group of diagonal matrices in SL(3, R) by & and
the subgroup of diagonal matrices with positive eigenvalues by 27, . Let
&, C SL(3, R) be the four-element group represented by diagonal matri-
ces with eigenvalues +1 ; then % — {I} consists of three reflections, each
one of which fixes one of the three coordinates lines as well as the corre-
sponding coordinate point (image of the corresponding coordinate axis in
RP* ). Clearly &/ = &/ x.%, and we see that %/ acts transitively and
freely on the set of four invariant triangular regions, %/, acts transitively
and freely on any one of the regions, and & acts transitively and freely
on the union of all four invariant regions.

Invariants of positive hyperbolic projective transformations.

1.4. Consider an arbitrary element 4 of SL(3, R). Then A is said
to be Ayperbolic if it has three distinct real eigenvalues, and A is positive
hyperbolic if it is conjugate in SL(3, R) to a diagonal matrix with positive
eigenvalues. We denote the set of positive hyperbolic elements of SL(3, R)
by Hyp, . We shall presently determine an invariant of conjugacy classes
of positive hyperbolic elements which will be calculationally useful in §4.
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Suppose that 4 € SL(3, R). We define 4(4) to be the real eigenvalue
of 4eSL(3, R) having the smallest absolute value and 7(A4) € R as the
sum of the other two (possibly unreal) eigenvalues. Thus if 4 € Hyp, is
represented by the diagonal matrix

A 00
(1-1) 0 u O
0 0 v
with
(1-2) Auv =1, O<i<u<v,

then A(4) = 4 and 7(4) = +v . Moreover 4 € Hyp,_ is determined up
to SL(3, R)-conjugacy by the set of eigenvalues of 4 which are

A= AM4),
(1-3) u=1t(d) = \/1(4)* - 4/A(4)],
v = 3t(4) + \7(4) - 4/A(4)].

It follows that the pair (1(4), 7(A4)) is a complete invariant of the SL(3, R)-
conjugacy class of 4.

1.5. Proposition. Consider the action of SL(3, R) on Hyp_ by conju-
gation. Then the restriction of

SL(3,R) — R’
A (M4), 1(4))

to Hyp_ is a SL(3, R)-invariant fibration with image the region
R={(A, 1) eR0O<A<1, 2/Vi<T<i+A "}

(depicted in Figure 1.1(a)). Furthermore Hyp, = (4, 1)_1 (R) and
SL(3, R) acts transitively on each fiber with isotropy group the subgroup
& corresponding to diagonal matrices.

The proof will be based on the following lemma.

1.6. Lemma. Let A € SL(3, R). Suppose that v € R} isan eigenvector
for A with eigenvalue 0 < A < 1 and E C R’ isa 2-dimensional invariant
linear subspace not containing v. Let 1 equal the trace of the restriction
A|g. Then A is positive hyperbolic with A(A) = A if and only if

O<i<l, 2/Vi<t<i+i’
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—0.1<x<1 inc=0.2
O<y<12 inc=2

1 L n 1

FIGURE 1.1(a)

Proof. Let B = A|.; since 4 € SL(3, R), we have detB = A7'>0.
Then:

B has distinct positive eigenvalues
¢
tr(B)
VdetB
¢
7 =tr(B) > 2vV/detB = 2/V2

>2

Since 0 < 4 < 1, it follows that 7 > 2/ VA > 2 > 24. The eigenvalues of
A consist of 4 together with the eigenvalues of B which are given by

t,=3ax4/77 - 4/M).
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These eigenvalues are real and distinct, provided 7 > 2/ V4. Now:

A is the smallest eigenvalue of A

§

A<t

§

VTl —4/A<T -2

ﬂi (since t—~24>0)
P —4/i < (1—24)°
¢

T<i4i?

Thus A is positive hyperbolic if and only if 7 < 2/v/4,.and in that case
A is the smallest eigenvalue of A if and only if 2/VAi < T < A+A7°.
(If 0 <A< 1,then AY*+27%* > 2 and thus 2/vA < A +A"%.) This
concludes the proof of Lemma 1.6.

Proof of 1.5. Clearly (4, 7):Hyp, — R is SL(3, R)-invariant. By
(1-3) (4, ) determine the eigenvalues of A4, and hence SL(3, R) acts
transitively on each fiber. The isotropy over a diagonal matrix in Hyp_
equals its centralizer which is the full group %7 of diagonal matrices. By
Lemma 1.6 the image of Hyp, lies in ®; if (4, 7,) € R, then (1-3)
determines a diagonal matrix with (4, 7)(4) = (4,, 7y). The converse
assertion in Lemma 1.6 implies that if 4 € SL(3, R) has (4, 7)(4) € R,
then 4 € Hyp_ . The proof of 1.5 is now complete.

1.7. The invariants (4, 7) will be useful for the calculations later on,
although more customary sets of invariants are equivalent to them. Al-
gebraically more natural are the coefficients (x, y) of the characteristic
polynomial of 4,

2,0 =det(tl —A) =1 — xt* +yt - 1;
if A is represented by the diagonal matrix (1-1), then
x=tr(d) =A+p+v=A4i4)+1(4),
(1-4) y=tr(A")=f‘+u“+u“:/;uuuuﬂ
= AA)”" + A(4)T(A).

Now a matrix in SL(3, R) ‘has real distinct eigenvalues if and only if its
characteristic polynomial has three distinct real roots; this condition is
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easily expressed in terms of the discriminant 6(A4) of x,:

1 —x y -1 0
0 1 —X y -1
5(4) =Resultant(x,, x,)=|3 -2x 'y 0 0
0 3 -=2x y 0
0 0 3 2x vy

=—x’y’ +4(x° +y3) — 18xy +27
and A is hyperbolic if and only if J(4) < 0; furthermore A4 is positive
hyperbolic if and only if §(4) <0 and x,y >0.
It follows that the correspondence (4, 7) « (x, y) defined by (1-4) is
a diffeomorphism
R {(x,y) eRox,y>0, x*y° —4(x* +1°) + 18xy — 27 > 0},
(compare Figure 1.1(b)).

x2y2- 4 (x¥y?)
+18xy-27>0

x>0
y>0

x2y2_ 4 (x%y*)+18xy 2750

x<0
y<0

FIGURE 1.1(b)

1.8. Another pair of invariants of a positive hyperbolic element of
SL(3, R) is more closely related to the geometry of convex RP*-manifolds.
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Define

(1-5) £(4) =log(v/4) >0, m(A) = 3log(u),

where A is represented by a diagonal matrix (1-1) satisfying (1-2). The
conditions 0 < A < u# <v and Auv =1 are equivalent to the conditions
(1-6) £(A) >0, |m(A)| < £(A).

The invariants A(A4) and t(A4) are easily expressed in terms of £(A4) and
m(A4) by

) = exp (-0 - )

T(A) = exp (@ - m—(é—{i—)) + exp (#) .

Clearly (£(A); m(A4)) can be an arbitrary element of R_ xR satisfying (1-
6), and any 4 € Hyp_ is determined up to conjugacy by (£(4), m(4)) €
R, x ]R The correspondence (A(A), T(A)) « (£(A), m(A)) defined by
(1-7) is a diffeomorphism

Re{(,meR,xR||m| <L}

(1-7)

giving another set of parameters for conjugacy classes in Hyp_ .

Geometry of positive hyperbolic projective transformations.

1.9. Let 4 € Hyp,_ ; then the stationary set Fix(4) consists of three
noncollinear points. By applying an inner automorphism of SL(3, R) we
may assume that 4 is represented by a diagonal matrix (1-1). The fixed
point corresponding to the eigenvector for A is a repelling fixed point
Fix_(A), the fixed point corresponding to the eigenvector for » is an
attracting fixed point Fix +(A) , and the fixed point corresponding to the

eigenvector for x4 is a saddle point Fix,(4). Let £(4) C RP® be the line
joining the attracting and repelling fixed points of 4. We shall refer to
{(A) as the principal line for A. The unique reflection R € SL(3, R)
with stationary set Fix(R) = /(A4) U Fix(4) will be called the principal
reflection for A; clearly R commutes with 4. The two fixed points of
A on [(A) separate /(A) into two A-invariant segments, which we call
principal segments for A.

1.10. An affine space A in RP* is by definition the complement of a
(projective) line / C RP’; an affine line in RP* is the intersection of a
projective line /' distinct from / with the affine space A = RP® -1/, ie.,
the complement of a point in a projective line; we define a half-plane to
be a component of the complement of two distinct lines in RP? . We say
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that a subset S C RP* is convex if there exists an affine space A C RP’
containing S such that S is convex in the usual sense, i.e., if x,y e S,
then the line segment Xy lies in S. If S C A, then its convex hull (with
respect to A ) is the smallest convex subset of A containing S.

Lemma. Let A € Hyp, and suppose that x € RP® does not lie on an
A-invariant line. Then the closure of any convex set containing the {A)-orbit
of x contains a principal segment for A.

Proof. Let A C RP* be an affine space and let S C A be a closed
convex set containing the orbit (4)x. As n — +oo the sequence A"x —
Fix, (A4), and as n — —oo the sequence A"x — Fix_(4). For n >0, let
o, denote the segment with endpoints 4"(x) and A4~ "(x). Then clearly
o, lies in the convex hull of (4)x (with respect to A ) and converges to a
principal segment for A, which must lie in the closure of the orbit of x.
Thus S contains a principal segment for 4, as desired. (Compare Figure
1.2.)

FIGURE 1.2

1.11. When A is represented by the matrix (1-1) as above, then it lies
on a unique one-parameter subgroup comprised of elements
20 0
(1-8) A=10 4 0
0 0 ¢
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for s € R. Let p, € RP be a point with homogeneous coordinates
[Xg» Vo> Zg] Where x,, ¥y, 2, > 0. Let [ be a projective line not meet-
ing the triangular region {[x,y, z] € RP|x >0, y >0, z > 0}. Then
the convex hull of the orbit {4’ (py)ls €R} in RP* — [ equals the set

log(v/ ) log(u/4) log(v/4)
[x,y,z]e]RIP’2|x,y,z>O, (£> (—Z—) >(L) .
Xg 2 Yo

In general we can define families of (A}-invariant convex sets
(1:9) W, ={lx,y, 2] €RP’|x, y, z > 0, x /W WD > pylostithy

for each > 0. If R is the principal reflection for 4, then W, U R(er)
is a closed convex neighborhood of a principal segment for 4 which is
invariant under the one-parameter subgroup containing A4.

Consider the one-parameter subgroup of %/ comprised of elements

<0 0
(1-10) B’ = [ 0 e* 0|

0 0 ¢°
for s€ R. Then B’ commutes with 4. The orbits of the one-parameter
subgroup {B’:s € R} are line segments joining Fix,(4) to the principal
line of 4. Furthermore B’ maps the convex set W, to W,’, where

=(v/4)
In particular the convex sets Wn (for n > 0) are all projectively equiva-
lent.
The invariant £(A4) defined in 1.8 may now be interpreted geometrically
as follows. Consider a principal segment ¢ for 4 and choose x € ¢.
Then the cross-ratio of the four points

Fix_(A), x, A(x), Fix_(4)

on the principal line / for A4 equals I Qs any (A)-invariant
convex domain, then [4], [5], [25]-[27], [39] for definition of the Hilbert
metric on the convex domain in RP* ). If 8Q is a conic, then the Hilbert
metric is the hyperbolic metric, and ¢(A4) equals the geodesic length dis-
placement function discussed in [15].

The action of SL(3, R) by conjugation.

1.12. For later use we prove the following results concerning the action
of SL(3, R) on representations. For related material, see [22], [14].

Lemma. Let G=SL(3,R) and m>1. Let  C G denote the open
set consisting of all (X, -+ , X,,) such that no line in R’ is simultaneously

—3s
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invariant under X, --- , X . Then the action of G on % by conjugation
is proper and free.

Proof. We first show that G acts properly on % . Let A, B C 7% be
compact; we must show that

G(A,B)={geG|lgANB # I}

is compact. Thus we assume a sequence g“), e g("), .- € G satisfies
g(")A N B # &, and we must prove that the g(") remain bounded in
G. Since G(A4, B) is necessarily closed, it suffices to replace 4, B by
compact sets 4 > 4, B’ D B and prove that G(A', B') is compact,
whenever convenient. Let K = SO(3) € SL(3, R); thus we may assume
that 4, B are each K-invariant compact subsets of % .

Let &/ C G denote the subgroup of diagonal matrices in G; since
G=KgK and A and B are each K- 1nvar1ant it suffices to con51der the
case where g e/ . Write

AP0 0
g”=10 A" o
o o Y

Assume that the sequence g(") is unbounded in % C G. Then by conju-
gation we are led to consider two cases:

(i) |/1§(")| — oo for k=1,2 and |/1(3")| remains bounded;
(ii) |/1(")| — oo and |/1(")| remains bounded for k=1, 2.

Since 4 and B are compact, there exists M > 0 such thatif (X, ---,
X ) € AUB, then

m
(1-11) (X)), < M
for I =1,---,m. Let G3—{X€SL( R)|X,; = X,; = 0} be the
stabilizer of the third coordinate line in . Since AU B is compact in

% c G" —(G,)", we may further assume that

(1-12) ST G+ (X))l 2 M7
=1

If X € SL(3, R), then the entries of g(")X are given by

n)

(
(n)
(g X)ij = #{)’
A
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In case (i) above,

(n)
( N
("% 5] = IEH—)(XI)B — 0,
3
and (1-11) implies that (X,),; = (X;),; =0 for /=1, --- , m contradict-
ing X, & G,. In case (ii) above,
() A"
(g X))l = F(X,)B -0,
3

contradicting (1-12). The proof that G acts properly on % is complete.

We prove that G acts freely on 7% . Suppose that 1 # g € G stabilizes
X € % . Then there exists a line / ¢ R® which is invariant under the full
centralizer of g (for example, take the line spanned by the eigenvector
for the smallest or largest real eigenvalue of g). Since X, centralizes
g, it follows that / is stabilized by X, for / =1, --- , m contradicting
X € Z . Hence the proof of Lemma 1.12 is complete.

2. Real projective structures and their developing maps

2.1. In this section we describe basic general properties of real projective
structures and describe several specific classes of such structures which are
needed to build real projective structures on surfaces. Let Q C RP® be
an open set. A map ¢:Q — RP’ is said to be locally projective if for
each connected component W C £, there is a projective transformation
g:IR{]P>2 — RP® such that the restriction é|, equals the restriction gl .
Obviously a locally projective map is a local diffecomorphism. Let M
denote a connected surface, i.e., a smooth 2-dimensional manifold. An
RP*-atlas on M is given by an open cover # of M, and a collection of
coordinate charts {,:U — IR]P’Z}UEU satisfying the following:

(1) Each y,, is a diffeomorphism U — y,,(U);
(ii) For each U,V € %, the change of coordinates y, o v, L
y,(UNnV)—y, (UNV) is locally projective.

A real projective structure (or RIP’Z-szruczure) on M is by definition a
maximal RP’-atlas on M. A manifold with an RP*-structure will be
called an R]Pz-manifold .

Let M, N be RP*-manifolds and let fiM — N be a smooth map.
Then f is a projective map (or an R]P’Z-map) if for each coordinate chart
(U, w,) on M and each coordinate chart (V, y,) on N, the com-

position "o fo w, is a locally projective map w(f _'(V) nU) —
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v, (f(U)NV). An RP’-map between RP*-manifolds is necessarily a lo-
cal diffcomorphism. Conversely, if f:M — N is a smooth map which
is a local diffeomorphism, and N is an RP? -manifold, then there exists
a unique RP’-structure on M such that f is an R]P’Z-map with respect
to these structures. In particular an RP*-structure on M induces one on
every covering space of M .

The following basic theorem is well known.

2.2. Development Theorem. Let M be an RPz-manifold.

(i) Let p: M — M denote a universal covering space of M and let © de-
note the corresponding group of covering transformations. Then there exist
a projective map dev: M — RP* and a homomorphism h:m — SL(3, R)
such that for each y € n the diagram

M % Rp?
”/~l 1 a)
M — RP

dev
commutes.

(ii) Suppose that (dev', h') is another such pair. Then there exists a
projective transformation g € SL(3,R) such that dev' = g o dev and
h =1 goh where 1,:SL(3, R) — SL(3, R) denotes the inner automorphism
defined by g.

The projective map dev: M — RP? is called a developing map and the
homomorphism 4: 7 — SL(3, R) is called the Aolonomy homomorphism.
We shall refer to a pair (dev, 4) as a development pair. Once a universal
covering M — M has been fixed, the developing map determines the RP*-
structure on M uniquely. The image A(x) is called the holonomy group
and will be denoted I'. The developing image dev(M) is a I'-invariant
open subset of RP’. In many cases (such as the RP’-structures discussed
in this paper) the developing map is a difftomorphism from the universal
covering of M onto its image. Then the holonomy homomorphism #
will be an isomorphism of 7z (M) onto a discrete subgroup of SL(3, R)
which acts properly and freely on the developing image. For examples
where the developing map is not injective the reader is referred to [13],
[16], [20], [36], [37].

Let M be an RP’-manifold. We denote by Proj(M) the group of all
projective automorphisms of A . Fix a development pair (dev, #) and
let g € Proj(M) be an automorphism. Then there exists a lift 2:M —
M which is an automorphism of M . Any two lifts differ by a covering
transformation of A, and the group of covering transformations is a
normal subgroup 7 < Proj(AM). The automorphism group Proj(M) is
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isomorphic to the quotient Proj(Af)/x .
Let 2 € Proj(M) . Then there exists a projective transformation H(g) €
SL(3, R) such that the diagram

Mo Rp?
gl i H(g
M — R]P’

dev
commutes. Clearly H:Proj(A) — SL(3, R) is a homomorphism whose
kernel is the (discrete) group consisting of all diffeomorphisms f: M — M
such that

M L Rjp?
Il f
M — ]R]P’

dev
commutes. The image of H lies in the subgroup Proj(dev(M)) of SL(3, R)
stablhzmg the developing image dev(Af). If dev is a covering map M —
dev(M), then H(Proj(M)) actually equals the stabilizer Proj(dev(A7)).

A geodesic on M is a curve ¢ C M such that for each component
g, C p_l(g) C M, the developing map takes 8, into a line in RP?. We
shall say that a geodesic g is a simple closed geodesic if it is an embedded
closed 1-dimensional submanifold of M .

Deformation spaces.

2.3. A developing map is uniquely determined by its restriction to any
nonempty open set. Let M be a connected RP’-manifold and let x € M .
A projective chart at x is any projective map from a neighborhood of x
into RP*. We then define a projective germ at x 1n the usual way as an
equivalence class of projective charts at x. Thus for any x € M the
projective germ at x determines a unique developing map, and the group
SL(3, R) acts simply transitively on the set of projective germs at x . We
can use this to construct a deformation space of RP’-structures on a fixed
surface as follows.

Let S be a fixed compact smooth surface. Let x € S be a base-point,
and let p:S — S be be a corresponding universal covering space and
n = =, (S) the corresponding group of covering transformations. Con-
sider triples (M, f, w), where M is an R]P’z-manifold, f is a diffeo-
morphism and ¥ is a projective germ at f{x). Such a triple is equivalent
to a development pair (dev, /), where dev: S — RP’ is a developing map
and h: 7w — SL(3, R) is the corresponding holonomy homomorphism. We
shall say that two such triples (M,, f,, w,) and (M,, £,, v,) are equiva-
lent if there is an RP*-isomorphism ¢: M, — M, such that ¢of =~ f, by
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an isotopy leaving x fixed and ¢*(!//2) =y, . Using the C ! topology on
developing maps, we give the set of equivalence classes of such triples a
topology ©(S) which is Hausdorfl. There is a canonical SL(3, R)-action
on D(S) which corresponds to changing the projective germ. The map
which associates to such a triple the corresponding holonomy homomor-
phism defines a SL(3, R)-equivalent continuous map

hol: ©(S) — Hom(z, SL(3, R))

which is a local homeomorphism (see [6], [17], [34], and [38] for fur-
ther discussion). Since Hom(x, SL(3, R)) is a real algebraic variety, we
may use this local homeomorphism to define the structure of a real ana-
lytic space on D(S). This structure is clearly preserved by the action of
SL(3, R). We denote the quotient D(S)/SL(3, R) by R]P’Z(S).

2.4. Theorem. Let S be a closed surface with x(S) < 0. Then RP*(S)
has the structure of a (Hausdorfl) real analytic manifold of dimension
—8x(S).

By contrast if S is a torus, then RIP’Z(S) is neither Hausdorff nor a
manifold. RP’-structures on a torus are classified in [13], see also [2], [3],
[16], [30], [35], [201.

Proof of 2.4. Choose a set of generators 4,, --- , 4, for x; then the
evaluation map E:Hom(z, SL(3, R)) — SL(3, R)" defined by E(p) =
(p(A4)), -+, p(4,)) is an SL(3, R)-equivariant embedding. Let Z C
SL(3, R)” be the subset defined in 1.12 and let % () = E~'(%) be the
set of representations 7 — SL(3, R) whose image has no fixed point in
RP’. It follows from [14, 1.2] that Z(n) is a manifold of dimension

— dim(SL(3, R)) - (x(S) — 1) = —8x(S) + 8.

By Lemma 1.12, SL(3, R) acts properly and freely on % (xn); so the quo-
tient #Z(x) is a real analytic manifold of dimension —8y(S). Thus to
prove 2.4 it will suffice to show that the space of holonomy representa-
tions of RP*-structures on S lies in % (). Hence the proof of 2.4 is
reduced to the following.

25. Lemma. Let M be a closed RIPZ-surface with holonomy group
I'cSL(3,R). If x(M) <0, then T cannot fix a point in RP?.

Proof. Suppose that " fixes a point y € RP’. Let ¥ be the (singular)
foliation of RP? consisting of the pencil of lines through y; the only
singular point of ¥ is y. Then dev'F is a foliation of A invariant
under the group =z,(M) with singularities at dev_l(y). Thus there is a
foliation F,, of M such that p*(§,,) = dev'(3). The singularities of
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§,, comprise the finite set p(dev_l(y)) C M, and since p and dev are
local diffeomorphisms, the Poincaré-Hopf index of §,, at each singularity
equals the index of § at y, which equals +1. Summing these indices over
p(dev™'(y)) we obtain y(M) = |p(dev_1(y))| > 0, a contradiction.

Surfaces with boundary.

2.6. We can extend all of the above definitions to surfaces with boundary
as follows. Let M be a surface with boundary. An RP-structure on M
with geodesic boundary is defined by a maximal atlas of coordinate charts
(U, y,),where (U, y,) is as above when U is disjoint from 6M , and
y,, is a diffeomorphism restricting to a diffeomorphism from 60U to a
line in RP® and to a diffeomorphism on int(U) when UNoM # <.
Clearly the interior int(M) is an RP’-manifold.

Suppose that M is an RP*-manifold and b € M isa boundary com-
ponent. Let y € n,(M) be the corresponding deck transformation of
M, and b C M the corresponding (y)-invariant lift of 5. We say that
b is principal if, for a fixed development pair (dev, 4), the holonomy
h(y) € Hyp, and dev maps b diffeomorphically onto a principal segment
for A(y). If S is a smooth surface with boundary, we shall denote the
corresponding deformation space of RP-structures on S with principal
boundary by RIP’z(S ).

If M isan R]P’z-manifold, and g C M is a simple closed geodesic,
then there exists an RP*-manifold with boundary M|g (M “split along
g”) and an identification map 1:M|g — M. The interior of M|g is
projectively equivalent to the complement M — g, and M|g has two
“new” boundary components each of which is mapped diffeomorphically
onto g C M.

2.7. Let 4 € Hyp, be a positive hyperbolic projective transformation.
As usual, when we desire explicit coordinates we represent A by the di-
agonal matrix (1-1). We denote by (A4} the cyclic group generated by 4.
Let /(A4) denote the principal line for 4, and choose a principal segment
o Cl(A4). Let A;, i =1, 2, denote the two invariant (open) triangular re-
gions bounded by o . Then for each i = 1, 2, the quotient M;(A,Ua)/{4)
is an RP*-manifold with geodesic boundary ¢/(4) and is diffeomorphic
to an annulus with a single boundary component. Furthermore the quo-
tient M = (A UgUA,)/(A) is an open annulus with an RP*-structure. We
shall call M, a principal half-annulus with holonomy (A),and M a prin-
cipal annulus with holonomy (4). The projective automorphism group
Proj(M) of M acts simply transitively on the complement of the closed
geodesic g,, = d/(A4) and is generated by the images in Proj(M) of a
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principal reflection R and the one-parameter groups defined by (1-8) and
(1-10). The image in Proj(M) of the one-parameter group {A’|s € R} is
a circle group C of rotations on M and acts simply transitively on the
closed geodesic o,,. If x, € o,,, then its stabilizer in Proj(M) is the
image of the group {Rj B'| j € Z/2,s € R} which is isomorphic to the
multiplicative group of real numbers.

The annulus M is foliated by the C-orbits which are all circles. More-
over the images of the convex sets W, URW, defined in (1-9) are open
subsets M . which define tubular neighborhoods of the geodesic g, , called
principal annular neighborhoods. These tubular neighborhoods are all pro-
jectively equivalent submanifolds since the image of B® maps M,7 to Mn,

where ' = (v /1)35/ z n. We shall refer to an RP*-manifold of the form
W,/{A) as a principal collar.

The principal annulus A covers a unique RP*-structure on a Mébius
band defined as follows. The projective transformation B defined by
Vi 0 0
T
0 0 -\
defines an orientation-reversing involution on M leaving invariant o,,
and interchanges the two half-annuli comprising A/ . The quotient is then

an RP*-manifold diffeomorphic to a Mobius band which we call a principal
cross-cap with holonomy (B). The quotient (W, URW,)/(B) we call a
principal cross-cap neighborhood. These RP*-manifolds will be used to
build convex RP*-structures on nonorientable surfaces.

2.8. Lemma. Let M be an RIP’Z—manifold with boundary and suppose
b c 8M is a compact principal boundary component. Then there exists a
principal collar neighborhood N(g)C M .

Proof. The essential point here is that 4 is compact. Let N'(b) c M
be a collar neighborhood of » in M . We shall find a principal collar N(b)
contained in N’ . Fix a development pair so that the holonomy y € Hyp N
of b is represented by the diagonal matrix (1-1) and that dev(int(N'))
lies in the triangular region

A={[x,y, z]€RP’|x,p, z > O}

Let ¢:A— R be the y-invariant function defined by
o(lx, v, z]) = xlog(V/u)y— log(V/l)Zlog(u/l)‘

—~—

Let ¢ = dN'(b) — b c N'(b) and choose a lift ¢ C N'(b). Let ¢, be a
fundamental interval for the cyclic group (y) acting on ¢. Then since &
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is compact and dev(¢) C A, there exists ¢, > 0 such that ¢ odev(x) > ¢,
for x €¢,. As ¢ is y-invariant, it follows that ¢odev(x) > ¢, for x € ¢.
Then

W={lx,y, zI€ERP’|x,y,z>0, f(x,¥,z)< f,} Udev(d)

is a principal (y)-invariant collar neighborhood of dev() inside dev(N'(b))
which projects to a principal collar neighborhood N(b) of & inside N'(0).

2.9. Suppose that M is an RP?-manifold and C is a principal bound-
ary component. It follows from 2.7 that any collar neighborhood con-
structed in the above way is projectively equivalent to any other one;
the projective equivalence class depends solely on the SL(3, R)-conjugacy
class of the holonomy transformation 4(y) € Hyp, of 5. Thus the germ

of an RP*-structure near a principal boundary component is determined by
the conjugacy invariants (4, 7) or (£, m) of H(y) € Hyp_ discussed in
1.4-1.8. For example, £(h(y)) is the Hilbert length of the closed geodesic
b, measured in any principal tubular neighborhood of ». If C 1is a closed
1-dimensional manifold, we denote the space of germs of RP’-structures
on principal collar (or tubular) neighborhoods of C by P(C). Clearly
PB(C) is a product of open 2-cells, one for each component of C; the
coordinates (£, m) define a diffeomorphism

B(C)— [[{¢t, m)eR, xR||m| < ¢}.

7,(C)
Thus associating to an RP’-manifold M the germ of its RP’-structure
near a collection B of principal boundary components b, , --- , b, defines
a map

8,:RF*(S) — P(3S).

In a similar way, if C C M is a principal two-sided simple closed
geodesic, then the preceding discussion applies to the RP*-manifold M |C .
There exist principal annular neighborhoods of C C Af, the germ of which
is recorded by the invariant (£, m)(C)(M) eR_ xR+ P(C). If Cc M
is a principal one-sided simple closed geodesic, then a similar invariant
(¢, m)(C)(M) expresses the germ of a principal cross-cap neighborhood
of C in M . In §5 these invariants will be used as coordinates for convex
RP*-structures.

3. Convex RP?-structures

In this section we shall describe basic properties of convex RP*-structures
on closed surfaces. This important class of projective structures can be
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characterized in several ways. Recall (1.10) that a domain Q C RP? is
convex if there exists a projective line [/ C RP® such that QN /= and
Q is a convex subset of the affine plane RP? — /. Equivalently Q C RP?
is convex if for any two points x, y € Q there is a unique geodesic join-
ing x and y. Another equivalent condition is that there exists an open
convex cone ' C R’ — {0} such that Q = P(Q') where P: R — {0} —RP?
denotes projection. With this definition, RP? itself is not convex, while
the affine plane R’ is convex.

3.1. Proposition. Let M be an ]RIF’2—manifold. Then the following are
equivalent:

(1) Every path in M is homotopic (rel endpoints) to a unique geodesic
path;

(2) A developing map dev: M — RF isa diffeomorphism onto a convex
domain in RP”.

(3) M is projectively isomorphic to a quotient QJT", where Q C RP?
is a convex domain and T" C Prej(Q2) C SL(3, R) is a discrete group acting
properly and freely on Q.

Proof. (1) = (2). Let p: M — M be a universal covering space and
(dev, h) be a development pair. We first show that dev is injective. Sup-
pose that %, y € M satisfy dev(X) = dev(}); let 7 be a path in M joining
X to y and let r = po7. By (1), r is homotopic to a geodesic path r,
in M joining x = p(X) to y = p(¥). Lift 7, to a geodesic path 7, in M
joining X to J; then devlf0 maps 7, diffeomorphically to the geodesic
joining dev(X) and dev(y), which must be a point (a constant geodesic)
since dev(X) = dev(y) and r, is unique. It follows that 7, must be a point
and hence X = 7.

Thus dev maps M bijectively onto a domain Q C RP?, which we
presently show is convex. Given u,v € Q, there exist unique inverse
images dev™'(x), dev_'(v) € M which can be joined by a path; by (1)
we may assume this path is a geodesic 7. Then devo 7 is a line segment
joining # and v, whence Q is convex.

(2) = (3) Let Q =dev(M) and I' = h(n,(M)). Then dev: M — Q is
a projective isomorphism which induces an isomorphism M — Q/T".

(3) = (1) Let r be a path in M and lift to a path # in A7. The path
dev o 7 is a path in the convex domain = dev(}), which is homotopic
(rel endpoints) to a unique line segment 7, C . Composing this homo-
topy with the inverse of the diffeomorphism dev: A7 — Q one obtains a
homotopy from r to the geodesic dev_l(ro). q.e.d.

Property (1) is the usual condition of geodesic convexity. An RP?-
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manifold satisfying any of the above equivalent conditions is said to be
convex. If M = Q/T" is a convex R]P’z-manifold, then its universal cover-
ing we identify with Q and its fundamental group with I'.

The following fundamental facts are due to Kuiper [31], Kac-Vinberg
[23] and Benzécri [4] (see Kobayashi [25]-[27] and Vey [39], [40] as well
as Goldman [20] for related matter):

3.2. Theorem. Let M = Q/T" be a closed surface with a convex RP*-
structure. Suppose that yx(M) < Q. Then the following hold.

(1) Q C RP® is a strictly convex domain with C' boundary and there-
fore contains no affine line.

(2) FEither 8Q is a conic in RP or is not C'** for some 0 <e<1.

(3) If y € T is nontrivial, then y € Hyp, . Furthermore every homotopi-
cally nontrivial closed curve on M is freely homotopic to a unique closed
geodesic which must be principal.

(4) The attracting and repelling fixed points of elements of T form a
dense subset of Q. Furthermore given any pair (x,y) € 0Q x 9Q, there
exists a sequence y, €I such that Fix_(y,) — x and Fix_(y,) —=y.

(Examples of such domains are drawn in Figure 3.1.) Let S be a closed
surface; define P(S) C ]RJP’Z(S) to be the subset of ]RJP’Z(S) corresponding
to convex RP’-manifolds.

3.3 Proposition. ‘B(S) is open in RIP’Z(S).

Proof. By [4] (see also [36], [13], [19]) to every RP*-manifold M there
is a naturally associated flat affine manifold A(Af) diffeomorphic to A x
S'. Suppose that S is a closed surface. Then by 3.2(1) an RP?-manifold
M representing a point in IR{IP’Z(S) is convex if and only if a developing
map for A(M) is a diffeomorphism onto a convex cone in R} containing
no complete straight line. By Koszul [28], [29] (see also Kobayashi [27,
6.22]), the class of such affine structures is open in the deformation space
of affine structures on M x S’ . It follows that the space of convex RP*-
structures on S is open in ]R]P’Z(S).

3.4. Proposition. The restriction of

hol: R]P’Z(S) — Hom(z, SL(3, R))/SL(3, R)
to P(S) is an embedding of P(S) onto a Hausdorff real analytic manifold
of dimension —8y(S).
Proof. By 3.3, P(S) is open in RlP’z(S). By 2.4, RIF’Z(S) is a Haus-
dorff real analytic manifold of dimension —8x(S), and hel is a local
diffeomorphism

RP’(S) — Hom(x , SL(3, R))/SL(3, R).
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Ficure 3.1(a) FiGgure 3.1(b)

FIGURE 3.1(c)
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Thus all that remains to prove 3.4 is that the restriction of hel to F(S)
is injective.
Suppose that M, and M, are convex RP’-manifolds such that

hol(M,) = hol(M,) € Hom(x , SL(3, R))/SL(3, R).

We may assume that M, = Q /T" where I' C SL(3, R) is the holonomy
group of either structure. Let y € I'. Since 0Q, is a y-invariant C !
convex curve, the two tangents to 0€2, at the attracting and repelling
fixed points of y intersect in a fixed point of y which lies outside Q,
and thus equals the saddle fixed-point Fix,(y). It follows from 3.2(4) that
the set {Fix (y):7 €'} is dense in the complement RP’ — Q , - Therefore
if I acts properly on an open subset W C RP? ,then W C Q, . (Compare
the discussion in Kulkarni [33, 7.1].) Thus Q, c Q,, and replacing Q,
by Q, gives that Q, C Q,, so that Q = Q,. Hence

M, =Q,/T=Q,/T=M,

as desired. This completes the proof of 3.4.

Gluing convex RP’-manifolds.

3.5. Suppose M is a closed convex RP’-surface Q/T" with y(M) <
0. If ¢ ¢ M is a homotopically nontrivial closed curve, there exists a
unique closed geodesic g. C M homotopic to ¢. If ¢ C M is simple,
then g. must also be simple. Moreover if ¢, .-+, ¢, C M is a disjoint
family of simple closed geodesics, then the corresponding simple closed
geodesics 8. .t > 8 are also disjoint. These facts follow from the usual
arguments for hyperb(glic surfaces (see [1, exposé 3], [38,5.33]): If cCc M
is a homotopically nontrivial closed curve, then the corresponding deck
transformation A(c) € I'" has two fixed points on 8Q and the image in
M = QT of the line segment in Q which they span is g.. The condition
that ¢ be simple is that all the components of the inverse image p—l(c) C
M Ybe disjoint, implying that for each pair of components é,6 C p! (c),
the endpoints of & in 9Q do not separate the endpoints of ¢,. But
for any closed curve ¢ C M, the endpoints of a component ¢ C p—l(c)
are the endpoints of the corresponding geodesic g.—the condition that
the endpoints of ¢, in 9Q do not separate each other is equivalent to
the condition that g, be simple. Thus g. is simple if ¢ is. Similarly,
if ¢,, c, are disjoint simple closed curves in M, then for any pair of
lifts ¢, C p“l(cl) , 6 C p_l(c,) the endpoints of ¢, do not separate the
endpoints of ¢, , i.e., the corresponding geodesics g, and g, are disjoint.



816 WILLIAM M. GOLDMAN

Thus if ¢, and ¢, are disjoint simple closed curves, then the corresponding
simple closed geodesics g. and g, are disjoint.
1 2

3.6. The main result of this section concerns identifying convex RP’-
manifolds along boundary components to obtain convex RP?-manifolds.
We carefully describe the process of gluing surfaces, first for smooth man-
ifolds, and then for RP’-manifolds.

Let M, denote a (not necessarily connected) smooth manifold with a
pair of boundary components b, C dM,, i = 1, 2. We wish to glue M,
along these boundary components by identifications of b, with b,. That
is, we seek a manifold M with a submanifold b C M such that the (split)
manifold with boundary M|b is diffeomorphic to A, and the boundary
components of M|b corresponding to b are b, and b,. Let My, — M
be the identification map. Choose a tubular neighborhood N(b) Cc M
and an orientation-reversing involution (a “reflection™) p: N(b) — N(b)
with Fix(p) = b; the inverse image 1~ (N (b)) is a disjoint union of
collar neighborhoods N(b,) of b, and N(b,) of b, in M;. Moreover
p induces a diffeomorphism f: N(b,) — N(b,).

Conversely, suppose M, is a manifold with boundary, and b,, b, C
@M, are boundary components with collar neighborhoods b, C N(b,) C
M, (i =1,2). Suppose that f:N(b) — N(b,) is a diffeomorphism.
Then there exists a unique smooth manifold M (denoted M, /f) with an
identification map i: M — M which induces a diffeomorphism M|b —
M, (where b =1(b,)) such that a reflection in a tubular neighborhood of
b induces f.

Now let M, be an RP?-manifold with boundary, and suppose that
b,, b, C M, are boundary components with collar neighborhoods b, C
N(b;) C M, (i =1,2). Suppose that f:N(b,) — N(b,) is a projective
isomorphism. Then there exists a unique RP’-structure on the identifi-
cation space such that the identification map 1: M, — M,/ f induces a
projective isomorphism AM|b — M, where a reflection in a tubular neigh-
borhood of b induces f.

In terms of a developing map, this construction may be described as
follows. Choose a universal covering p: M, — M,, a development pair
(devy, h,) for M, and lifts 51- c p_l(bi) for i=1,2. Let y, €n be the
corresponding elements of the fundamental group. Let Z)i C Nf(\li.) C M be
the corresponding lifts of the collar neighborhoods; corresponding to the
projective isomorphism f: N(b;) — N(b,) is a projective isomorphism
7 Nf(\b/l) — NTb;). Thus there exists a projective transformation g €
SL(3, R) such that
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NE,) 8 rP?

s leg

N(b,) — RP’
0

commutes and g_lho(yl)g = hy(7,) -

Consider the product M, x (y, )\, (M,)/(v,) asa collection of “copies”
of M, ; for each double coset [y] € (v,)\m,(M,)/(7,) let M = Az, x [y]
be the corresponding copy of M, and i M, — M([)” the corresponding
diffeomorphism. We build M from copies of MO as follows. Attach
M to M, = MY by identifying boundary components yb, C 8 M, and
ZB;’] c BM(E”; the resulting identification space will be a combinatorial
neighborhood of A/, inside Af. Then M is obtained by repeating this
process for each new copy of MO which has been added. The developing
map for M, is extended to an adjacent MY’ as the composition
]

R[V] og Odevo oj[? )
where RU! is the principal reflection for the holonomy transformation
h(y,) € Hyp, .

3.7. Theorem. Let M, be a compact convex ]RIF’Z-manifold with prin-
cipal boundary, and suppose that b, b, C M, are boundary components
with collar neighborhoods b, ¢ N(b)) C M, (i = 1,2). Suppose that
S:N(b)) — N(b,) is a projective isomorphism. Then the RP*-manifold
M,/ f obtained by identification by f:N(b)) — N(b,) is a convex RP-
manifold.

The proof of this theorem is based on several lemmas dealing with the
structure of collar neighborhoods of principal boundary components in
convex RP’-manifolds.

3.8. Lemma. Let M, be a compact convex R]Pz-manifold with a set B
of principal geodesic boundary components b C OM,,. Then there exists a
convex RPz-manifold M with a set B' of simple closed geodesics b’ ¢ M
such that M|B' is isomorphic to a disjoint union of M, and principal half-
annuli, one for each b € B. If m, is not a principal half-annulus, then the
developing image of M is properly contained in a half-plane.

We call M the enlargement of M, along B and denote it (M, B).
If M, is aconvex RP’-manifold with principal boundary, the enlargement
of M, along its full boundary will be called the enlargement of M and
denoted & (M,).
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Proof. For each b € B, let N(b) be a principal collar neighbor-
hood of b constructed as above. Choose a generator y, for the image
p of n (N(b)) in nm = m,(M,). Let M, be the principal half-annulus
with convex RP’-structure such that there exists a projective monomor-
phism 1,: N(b) — M, . Explicitly, choose a universal covering p: M, —
M, , a development pair (dev,, h) for M, and a component ]\7(3) of
p"l(N (b)) ¢ M. Consider the holonomy transformation h(y,) around
b. Let A be a h(f)-invariant triangular region containing dev(]\’ffz)),
and R € SL(3, R) the principal reflection for A(y,). Then

Q = dev, (N (b)) UR(A)

is a B-invariant convex region, and the quotient A, = Q/f is the desired
annulus. Let M, denote the disjoint union {J,., M, , N(B) the disjoint
union {J,., N(b) C M, and let ©: N(B) — M, be the map induced by
all 1,, be B. Let M be the RP*-manifold obtained by identifying the
disjoint union of M, U M, via 1.

We must show that M is a convex RP*-manifold. By induction it
suffices to consider the case that B consists of one boundary component
b. To show that M is convex, we must show that a developing map
for M is a homeomorphism onto a convex set. Let dev: A/ — RP® be a
developing map for M extending dev, .

We begin by showing that dev is injective. Since the natural inclusion
M, — M is a homotopy equivalence, there is an embedding of universal
covering spaces M, — M . Indeed, M is obtained from A, by attaching
to each component of p_l(b) a copy of the universal covering Mb of
the annulus A/, . Choose a component b of p_l(b). The inverse image
p! (b) is the disjoint union of yb, where y ranges over a system 7/f of
coset representatives of f in 7.

Since M|, is convex, its developing map dev, is a diffeomorphism of
MO onto a convex domain €, C RP? invariant under the holonomy group
' c SL(3, R). Let o be the open interval dev(b); then the inverse image
p! (b) develops to the disjoint union of open intervals

U #(r)o coQ,.
yen/p

Let A be as above; then €, is an A(f)-invariant convex domain whose
boundary contains ¢ as a maximal line segment, and, it follows that Q; C

A. The component Mb of p_](Mb) which is attached to MO along b
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develops diffeomorphically onto RA where R is the principal reflection
for A(B). Since A and RA are disjoint, it follows that the restriction
of dev: M — RP* to M, U M, is injective. Suppose that y € m — §;
then A(y)o is a line segment inside A. Let T denote the triangular
region in A which is bounded by ¢ and whose boundary contains the
endpoints of A(y)o . Since the intersection 7' N, is bounded by A(y)o
and 0€), is an h(yyby_l)-invariant convex curve, the image A(y)RAC T
(Figure 3.2); the inclusion is proper unless €2, C T, in which case €2,
is a quadrilateral. In particular A(y)RA C T C A is disjoint from "A.
Thus the restriction of dev to M, UM, UyM, is injective. Now it follows
easily that dev: M — RP” is injective: if x € » M, and y € y,M, , and
dev(x) = dev(y), then yl—lx € Mb and y2yl_1y € y,M, have the same
developing image, whence x = y by the preceding fact.

Let Q = dev(M). We have just seen that Q = Q UU,,; #(7)RA. The
boundary 8€ is obtained by replacing each segment 4(y)c by the union
of the remaining sides of A(y)RA. Clearly Q is locally convex at each
point of 9 ; it follows that € is a convex domain.

FIGURE 3.2
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Finally we show that Q is properly contained in a half-plane. We have
already seen that Q C AU g U RA. Suppose that Q equals the half-

plane AUg URA. Unless 7n,(b) = n,(M,), there will exist a line segment
h(y)a € 8Q,NA. Then either Q is properly contained in AU g U RA
or (using the above notation) A(y)RA = T, in which case Q, must be a
quadrilateral. But this implies that

Q=TURA#AUcURA.

Therefore f — =# is an isomorphism whence A is an annulus. If Q
equals AU URA, then Q, equals AUc and M, is a principal annulus.
The proof of Lemma 3.8 is now complete.

Proof of Theorem 3.7. It suffices to consider the case that M is con-
nected, whence M|, has either one or two connected components. We
discuss these cases separately, starting with the case that A, has two
components M, and M, . In that case M = M U M, the fundamental
group 7 = 7w (M) is the amalgamated free product 7 (M) Hnl(b) n,(M,),
and the map i,:7,(M,) — =, (M) induced by the inclusion i: M, — M
is injective. Let M denote the covering space of M with fundamental
group [, 7, (M,) C n, and let M\z denote the covering space of M, hav-
ing a fundamental group the cyclic group f = i,n,(b) C = (M,); there
is a compact boundary component 132 C Bﬁz corresponding to . Let
N(b) ¢ M, be a principal collar of 5 in M. There is a projective
monomorphism f:N(b) — M, , which lifts to a projective monomor-
phism f N (52) — ﬁ2 . Then M is projectively equivalent to the union
M U 7 M\z . Since M, is convex with principal boundary, it follows that
the image of its developing map dev,: M2 — RP? liesina triangular region
A bounded by the developing image o of a lift of 5. The composition

M, derg dev,(M,) —AUc

induces a projective monomorphism ﬁ2 — (AU g)/h(f). Thus there
is a projective monomorphism M = M, Uy ﬁz — &(M,). Since M
embeds into the enlargement £ (M) and the developing map for & (M)
is injective, the developing map for Af (and hence for M ) is injective.

We claim that the developing image dev(M) is convex. To this end we
show that any path in M is homotopic to a geodesic path. Let r be a path
in M ;since M — &(M,) and &(M,) is convex, the path r is homotopic
(rel endpoints) to a geodesic path r, to &(M,). Since Mg (M) isa
homotopy equivalence, it will suffice to show that r, C M.
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If both endpoints of r liein M, C M , then r is homotopic to a path

lying entirely in M, and to a geodesic path in M, since M, is convex.

By uniqueness, r, C M, C M. Let r, be a component of r,N M, ; it will
suffice to show that r, C M\z. If r, Cint(r,), then both endpoints of r,
lie on 13, so by uniqueness r, C bc M, . Since r, D r; is a geodesic,
ry C b c M, C M . Thus r, must contain an endpoint of r,. If r
contains both endpoints of »,, then r, = r, C M, has both endpoints
lying in ]Tl\z. Since M, is convex, it follows that r, = r, C ]TJ\Z cM. It
remains to consider the case that one endpoint of r, lies in Af, . Since
]Tl\z — M, is a homotopy equivalence, 7, is homotopic (rel endpoints) to
a geodesic 7, C M\z . By the uniqueness of homotopic geodesic paths, we
must have r, = r, C M, . It follows that M is convex.

In the case that M, is connected, n (M) is obtained by an HNN-con-
struction on 7z (M,) where the inclusions #,(b,) — =, (M) are identi-
fied. In particular the homomorphism i 7%, (M,) — = (M) induced by
inclusion i: M, — M is injective. Let M denote the covering space of
M having fundamental group i 7,(M,), and ]Tl\j (J =1,2) the cov-
ering space of M, having fundamental group i 7, (b j.) C 7,(M,). Then
M can be identified with the union M\l Ub1 M, Up, ]TJ\Z which embeds in
the enlargement of M|,. The rest of the proof proceeds as before. This
concludes the proof of Theorem 3.6.

Attaching cross-caps.

3.9. If M is a convex RJPz-manifold, and C C M is an orientation-
reversing simple closed curve, then there exists a tubular neighborhood
of C which is a principal cross-cap neighborhood as defined in 2.7. Let
fiM — M denote the oriented double covering of M. Since M is
convex, ¢ = [~ (¢) has a principal annular neighborhood N(¢) invariant
under the deck transformation of A/ and the image f(N(¢)) C M isa
principal cross-cap neighborhood N(c) of c.

Conversely suppose that A/, is an RP*-manifold, and b C oM, is a
principal boundary component. In the enlargement &(M,, b) let N(b)
be a principal annular neighborhood of b; then there exists a unique
orientation-reversing free involution J of N(b) such that N(b)/J is a
principal cross-cap neighborhood. Let {: N(b) — N(b)/J be the quotient
map. The resulting identification space M = &(M,, b) U, N(b)/J is
an RP*-manifold with an orientation-reversing simple closed geodesic f3
such that M|# = M,,; indeed M is diffeomorphic to M|, with a cross-cap
attached along b .
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Doubling convex RP’-manifolds.

3.10. Theorem 3.6 can be used to construct doubles of convex RP*-
manifolds with boundary. This construction is useful for deducing re-

sults about convex RP’-structures on manifolds with boundary from cor-
responding results on closed manifolds. Let M be a closed convex RP-
manifold with principal geodesic boundary. Consider the product M x
{1, 2}. For each component C C 8M let N(C) be a principal collar,
The double 2M of M is by definition the RP*-manifold obtained by
identifying M x {1} with M x {2} by means of projective isomorphisms
N(C)x {1} = N(C)x {2} as above. Thus the double of M has a natural
RP’-structure. An immediate consequence of 3.7 is the following.

Corollary. Let M be a compact convex RPz-manifold with principal
geodesic boundary. Then the natural RP’-structure on the double 2M of M
is convex. In particular every compact convex R]P’z-mamfold with principal
geodesic boundary embeds in a closed convex RP*-manifold.

We may apply this doubling procedure to deformation spaces as follows.
Recall that if .S is a surface with boundary, then RIP’Z(S) is the deforma-
tion space of RP*-structures on S with principal boundary, and ‘B(S)
is the deformation space of convex RP’-structures on S with principal
boundary.

3.11. Corollary. Let S be a compact surface with boundary such that
x(8) < 0. Then RP’ (S) is a Hausdorff real analytic manifold of dimension
—8x(S), and PB(S) is an open subset of RIP’2(S).

Proof. Let I' C SL{3, R) be the holonomy group of an RP*-manifold
M representing a point in RP’ (S). Let T" be the subgroup of SL(3, R)
generated by I' and the principal reflections R, for the holonomy of the
boundary components b, of M ; the holonomy group for the double 20/
liesin I". .

We claim that I" fixes no point p € RP” . Suppose not; then since p €
RP is stationary under the holonomy of a boundary component b,, it is
also stationary under R,. Thus T’ fixes p, and hence the holonomy group
of 2M fixes p, contradicting 2.5. It follows that the holonomy homomor-
phism of M lies in the open subset #Z(z) C Hom{z , SL(3, R)) compris-
ing representations with no stationary point in RP? , as in 2.4, Since =z
is a free group of rank 1 — x(S), the dimension of Hom(z, SL(3, R)) ~
SL(3, R)I—X(S) equals 8(1 — x(S)). Applying 1.12 as in the proof of 2.4
we see that RP? (S) is a Hausdorff real analytic manifold of dimension
—8x(S), and by 3.4 the deformation space PB(.S) is open in RPZ(S) . This
concludes the proof of 3.11.
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4. Convex RP’-structures on a pair-of-pants

4.1. In this section we classify RP’-structures on a pair-of-pants, that
is, a compact oriented surface of genus zero with three boundary compo-
nents. Throughout this section S will denote such a surface, and 4, B, C
its three boundary components. The main result of this section is the fol-
lowing. Recall (§1.5) that the set of conjugacy classes of positive hyper-
bolic projective transformations can be parametrized by an open 2-disk
R ; a closed curve y in a convex RP*-manifold has well defined invari-
ant ((4,7), = (A4(»), ©(?)) € ®. The main result of this section is the
following.

Theorem. The deformation space B(S) of convex RP*-structures on S
is an open 8-dimension cell. Furthermore the map

3 .
6, B(S) - R
obtained by associating to a convex structure the boundary invariants

(2, 1) 4, (4, D) (45 T)¢)

is a fibration over an open 6-cell with fiber a 2-dimensional open cell.

(Equivalently we could use the more geometric invariants (£, m); they
are easily related to (4, 1) by (1-6).) ‘

S. Choi has pointed out that there exist convex RP’-structures on pairs-
of-pants such that the holonomy of a boundary component has real re-
peated eigenvalues (although not diagonalizable); such structures cannot
be embedded, however, in closed RP’-manifolds.

The proof centers on a computation. We shall show that a convex RP-
structure on S determines a geometric configuration (equivalent to its
developing map) for which the holonomy representation will be given by
a triple of 3 x 3 matrices satisfying certain equations and inequalities.
Given the boundary invariants (a point in D ) we shall solve the resulting
equations to explicitly parametrize the possible solutions by points in a 2-
cell. We shall denote the space of solutions by & . What is not immediately
obvious is that a point of & (which represents a RP*-manifold M with
the correct behavior at the boundary) determines a convex structure. This
shall be demonstrated indirectly as follows. The double 2S5 of S admits a
natural R]P’z-structure, which by Corollary 3.10 is convex if M is convex.
By applying Proposition 3.3 10 2S the convex structures on 2S form an
open subset B(S) ¢ & . Furthermore this subset is nonempty since it
contains points corresponding to hyperbolic structures on S. Since &
is connected, it suffices to show that PB(S) is closed in & . To this end
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we consider a limit in & of a sequence of structures in P(S). Since an
injective developing map determines a closed subset in the deformation
space of geometric structures, the developing map of the limiting structure
must be injective. By the explicit description of the developing map it will
be shown that the developing image is indeed convex.

4.2. We establish the following conventions concerning the fundamental
group and the universal covering space of §. Choose a basepoint s, €
S, and let p:S — S be the corresponding universal covering space with
covering group 7 = 7,(S). Then = is generated by three loops (denoted
A4, B, C € n) obtained by joining s, to the three boundary components
A, B, C c S, and there is a corresponding presentation

m=(4,B,C|CBA=1I).

We shall decompose S into two open 2-simplices T, , T_ along three
simple arcs a, b, c. The curve a will spiral in the positive direction
towards boundary components B and C; similarly b (resp. ¢ ) will spiral
positively towards C and A (resp. 4 and B). (Compare Figure 4.1.)
Choose a component T, of p~'(7,) C §. Inside S there are lifts T,
(resp. T,, T,) of T_ which are adjacent to T along & (resp. b, ¢).
The deck transformation 4 maps T, to T, the deck transformation
B maps T, to T, and the deck transformation C maps 7, to T,.
(Compare Figure 4.2.)

Let F=T,UT, CS, where T, and T, denote closed 2-simplices
with their vertices removed; then F is a fundamental domain for z acting
on §. Thus F is (combinatorially) a quadrilateral minus its vertices and
we label its four edges: there are edges e, €, €5, €5, where e , e, are
the edges corresponding to a4, b in T, C F, and e, e; are the edges
corresponding to a, b in T, Cc F. A model for the universal covering is
given by the identification space of the disjoint union

IIF.

YET

where the edges of yF are identified by the following instructions (com-
pare Figure 4.3):

ve, < yBe- C yBF,
e, < yA_lel; cyA”'F,
ves — yB—lea cyB'F,
vey «— yAe, C yAF.
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FIGURE 4.2

A model developing map is obtained by mapping 7, diffeomorphically
onto A, (where the edges a, b, ¢ are mapped to the corresponding edges

of A,) and T, diffeomorphically onto A, . This map F — RP? extends

uniquely to a developing map § — RP? which is equivariant with respect
to h:— SL(3, R).
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FIGURE 4.3

Suppose that M is given a convex RP2-structure with principal bound-
ary and let (dev, #) be a development pair. Then dev: M/ — RP* is a
projective isomorphism from A7 to a convex domain Q C RP®. Let
a,b, ¢ be the arcs bounding T, ; then the endpoints of dev(d) (resp.
dev(h) and dev(¢)) are the repelling fixed points of A(B), h(C) (resp.
h(C), h(A) and h(A), h(B)). Let a (resp. b, ¢) be geodesic segments
joining the repelling fixed points of A(B) and A(C) (resp. A(C), h(A4) and
h(A), h(B)). Then the collection of geodesics p(a), p(b), p(¢) on M is
isotopic to the original collection of curves a, b, ¢. We shall henceforth
replace the original curves a, b, ¢ by these geodesic curves. In that case
dev(T}), dev(T)), dev(7,), dev(T.) are triangular regions in Q and their
union is a convex hexagon in Q. We henceforth abbreviate the holonomy
transformations #(A4), A(B), h(C) by A4, B, C respectively.

Thus we associate to a convex RP’-structure M representing a. point
in B(S) the following: four triangular regions A,, A, A, , A, C RP’ and
three projective transformations A4, B, C € SL(3, R) which satisfy the
following conditions:
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(i) A,,A,, A, eachintersect A, along each of the three edges of A, ;
(ii) the union AjUA, UA, UA_ is a convex hexagon;
(iii) CBA=1I and

AA) =4, BA)=A, CA)=A,;

(iv) 4, B, C € Hyp . and the vertices of A, are the repelling fixed
points

Fix_(4), Fix_(B), Fix_(C)
of A, B, C respectively and satisfy
A,NA, =Fix_(C), A,NA =Fix_(4), A nNA,=Fix_(B).

We denote the set of all (A,,A,,A,, A, 4, B, C) satisfying (i)—(iv)
by &' ; the projective group SL(3, R) acts properly and freely on &’ and
we denote the quotient by £ . Since a convex RP-structure determines a
projective class of such configurations, there is an embedding B(S) — & .
Furthermore each point in &’ determines an RP-structure on S with
principal boundary. The proof of Theorem 4.1 will be broken up into two
steps.

4.3. Proposition. & is an open cell of dimensior 8 and the map

g — R
Ay, A, A LA LA B, C)= (4, 1), (4, T)p, (4, T)¢)

is a fibration with fiber an open 2-cell over the 6-cell R . Furthermore
there is an embedding T(S) C P(S) C & where %(S) is the deformation
space (an open 3-cell) of convex hyperbolic structures on S .

4.4, Proposition. Each RP-structure corresponding to a point in & Is
convex, i.e., & = PB(S).

Proof of 4.4 assuming 4.3. Let M be an RP’-manifold whose struc-
ture corresponds to a point of & ; such an RP’-manifold has principal
boundary, so its double 2M is an RP’-manifold diffeomorphic on a
closed surface X of genus two. Thus there is an embedding E, of the
space ¢ in the deformation space RPZ(Z). The image E,(&) consists
of RP*-structures on X which admit the symmetry of a double of a pair-
of-pants—i.e., structures which admit an orientation-reversing involution
whose stationary set consists of three disjoint simple closed curves. Now
T(S) C P(S) € &, so that P(S) is nonempty. Furthermore by Proposi-
tion 3.3, the subset E,(B(S)) is open in E,(&) C R]PZ(Z) . It follows that
B(S) is a nonempty open subset of & .
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We claim that 9(S) is in addition closed in & . To this end suppose
that Q, € P(S) is a sequence converging to a point Q@ € &. The
corresponding sequence E,(Q,) of convex structures on X converge to an
RP*-structure E,(Q, ) on I, which we must show is convex. Concerning
convergence of geometric structures we have the following elementary fact
(compare [6, 1.5.3]):

4.5, Lemma. Let X be a manifold upon which a Lie group G acts
strongly effectively (i.e., two transformations of G which agree on a non-
empty open set are identical ), and let M, be a sequence of (X , G)-structures
on a manifold S converging to a (X, G)-structure M_ . If each M, has
injective developing map, so does M__ .

Proof of 4.5. Convergence of the structures implies that there are de-
veloping maps devn:M , — X which converge to dev oO:MQO — X in the
Cl-topology. Suppose that dev_, is not injective. Then there exist disjoint
open sets U, U, C M_ such that dev(U,) =dev_(U,). For n suffi-
ciently large, dev, will be C'-close to dev_ and dev, (U,)Ndev_ (U,) #
&, contradicting the injectivity of dev,. g.e.d.

Thus the RP’-structure E,(Q,,) has injective developing map. It fol-
lows that Q__ has injective developing map as well. To see that it is
actually convex, it suffices to show that its developing image is convex.

The universal covering M can be represented by an increasing union
Ure, P, where each P, is a connected union of closed 2-simplices with
their vertices removed. Indeed there exists a space M with a =,(M)-
action having the following properties:

(1) M is a union of closed 2-simplices permuted by n(M);

(2) M contains M as a dense open 7,(M)-invariant subset;

(3) the complement M — M is a disjoint union of closed 1-simplices,
the interiors of which are permuted freely by =,(M) with exactly three
orbits corresponding to the three faces of a 2-simplex;

(4) the developing map dev: M — RP’ extends to an embedding M —
RP® with closed image.

Explicitly A can be constructed from a convex structure on M as
follows. Choose a developing pair (dev, #) and let g denote a Rie-
mannian meiric on RP*. Then (M, dev’ g) is a metric space for which
dev: M — RP? is an isometric embedding onto the interior of a compact
convex set Q. Let M denote the metric completion of (M, dev'g).
Then dev extends to an isometric embedding M — RP’ . The simplices
comprising M are the inverse images under dev of simplices in £ having
vertices the fixed points of elements of x,(A). Convex polygons P, are
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constructed by taking successive star-neighborhoods: P, is the union of
all 2-simplices in A/ having a face in 0P, . Clearly each P, is convex.

Applying this construction to the sequence of convex structures Q,,
each P, develops to a convex polygon. Since the development of P, in
the limiting structure Q_ isthe C !limit of the development of P, in the
structures Q, , it follows that the restriction dev__(P,) is a convex polygon.
Thus the developing image of Q_ is the increasing union UZ°=1 dev_ (P,)
of convex sets and is therefore convex. This concludes the proof of 4.4
assuming 4.3.

4.6. Proof of 4.3. We turn now to the main computation. We choose
coordinates in RP* so that the vertices of A, have homogeneous coordi-

nates
1 707 0
HEN NG
0 0] 1

where the repelling fixed point of A4 is

the repelling fixed point of B is

and the repelling fixed point of C is

0
0].
1
Furthermore A, will be the triangular region defined by

Ay={lx, v,z €RP’|x, y, z > O}.

We respectively assign to the remaining vertices of A, A, A, the homo-

geneous coordinates
-1 a, a;
b, |, -1, by
c o -1
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so that the other triangular regions are given by

Aa:{[x,y,z]eRJP2|x<O, O<y<-—=bx, 0<z<~—cx},
4-1) A, ={x,y,z]€eRPJ0<x < -a,y, y<0, 0<z<—c,z},

AC:{[x,y,z]eRJP’2|O<x<—a3z, O<y<—bz, z<0},

respectively (see Figure 4.4). At each of the vertices of A, the cross-ratios
of the four lines containing edges of the incident triangles define invariants

(4-2) ' pr=bye. py=aye;, py=arb

(see Figure 4.5) and the hexagon A,UA, UA, UA, is convex if and only if
(4-3) b, >0, ¢ >0, a,>0, ¢ >0, a; >0, b;>0,
and the cross-ratio invariants satisfy

(4-4) p>1, py>1, py>1.

A

FIGURE 4.4
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i

FIGURE 4.5

In this way configurations (A,, A, A, , A,) are parametrized by their co-

ordinates

6
(by,c5ay,¢,a5,b;)€R

satisfying (4-2), (4-3) and (4-4).

Ultimately interested in the space of projective equivalence classes & =
&' /SL(3, R), we replace the actual coordinates of the fixed points by alter-
nate parameters invariant under a larger subgroup of SL(3, R). The only
choice of coordinates thus far made has involved identifying A, with the
simplex in RP® with positive homogeneous coordinates. Since the sta-
bilizer of A, consists of the group &/, consisting of positive diagonal
matrices, the group %/, acts upon the set of configurations. The action of
such a diagonal matrix

A 00
(4-5) 0 u O
0 0 v



832 WILLIAM M. GOLDMAN

on the corresponding coordinates is given by

b, (u/2)b,
¢ (v/A)c,
4| | Awa
¢y (v/u)e,
ay (A/v)a,
by (1/v)b;

It is easy to see that the cross-ratio invariants p,, p,, p, defined in (4-2)
are invariant under this action and together with

(4-6) o, = ayb;c, o, = asbc,
generate all such invariants. They satisfy the relation
p\PrP3 = 0,0,
as well as inequalities p, > 1, g, > 0. Given p,, p,, p; > 1 and an
arbitrary value of g, > 0, then the choice

g, = PrPabs o g
g
is dictated.
4.7. Of particular interest is the special case that 4, B, C preserve a
conic—then the RP’-structure on S isa hyperbolic structure. If 4, B, C
preserve a conic Z C RP’, then necessarily the vertices of A, lieon #.

Such a conic is the locus
% = {P(v) e RP’[v'Bv = 0},

where v e R® — {0}, P: R® - {0} — RP® denotes projection and

0 ¢ b
B=|c 0 a
b a 0
is a symmetric matrix with entries a, b, ¢ # 0. The conic % circum-
scribes the triangle A, if and only if the real numbers a, b, ¢ all have
the same sign. The conic & is determined by the projective class of this
matrix in the projective space associated to the vector space of nonzero
3 x 3 matrices. The diagonal matrix (4-5) transforms such conics in terms
of these coordinates by: '

a—via, ‘b+—+;wb, c— Auc,

and we shall fix a choice of conic % by taking a=b=c=1:

%z{[x,y,z]eRP2|y2+zx+xy=0}.
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Given p,, p,, p; > 1 and g, > 0, we obtain explicit choices for the
coordinates by assigning coordinates to one of the vertices not on A, . For
example suppose that the vertex

g
b
-1

of A, has homogeneous coordinates

2
2
~1

Then (4-2) and (4-5) imply that the original coordinates are given by
(4-7)

_ _ _Fs — _
a,=t, a;=2, b_—t—, by =2, c

€.

)

b, o=l
where ¢t =g, /p, > 0 is an arbitrary positive real number.

4.8. We have expressed the geometric conditions (i) and (ii) analyti-
cally. Now we compute the possible projective transformations 4, B, C €
SL(3, R) - satisfying conditions (iii)-(iv).  The most general projective
transformation taking A, to A, is given by the matrix

1 0
A=a - ﬂ-u a, 0]+8, - q-m -1 0]
0 0
4
(4-8) +m-{@}-m ¢, 1]
-1

0 =B, +7bsc, 7,y

[al a,a, + 7,450, 7’1“3}
0 16 -

where

al>0, ﬁ1>0, )’1>O,

having determinant o 8,7, =det4 =1 and ©(4) = -8, +y,(p, - 1).
Similarly a projective transformation taking A. to A, corresponds to a
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matrix
. -1 0
B=aq,- {bl} 10 a)l+8,- [IJ [0 1 B4
¢ 0
0
(4-9) + 7, [O} [0 0 —1]
1
~a, 0 —a,d,
= [O‘zbl B, ,B2b3+a2a3bl},
a6, 0 =y, + ayasc,
where
a,>0, B,>0, y,>0,

a,B,7, =detB =1 and 1(B) = —~y, + a,(p, — 1). Finally a projective
transformation taking A, to A, corresponds to a matrix

1 a,
C=a3-{0}-[—1 0 O]+,B3-[—1}-[bl 1 0]
0 ¢y
0
(4-10) + 75 [0} e, 011
1
—~ay + fha,b, Bia, O
= [ —B3b, -8, 0] ’
73 ¥ Bybie,  Bye, 7y
where
a; >0, pB;,>0, »,>0,
a;B,7, =detC =1 and 7(C) = —ay + B4(p; — 1). Since the matrix 4
maps vectors
[17 [1 a, ] [0] 0 a,
01—« O}, I:—l =B 1, OJr——»yl[b3},
10 | 0 ¢ | 0] |1 -1
the matrix B maps vectors
[17 [—1 FOW [0] [a; ] [0
0] +—aq bljl, 1i—=811], by | =7, 0],
10 L ¢ LO] L0 -1 ] L 1]
and the matrix C maps vectors
[ —1 1 07 a, 07 107
by | —a; [0}, =80 -1, O0i =101,
‘_C’] [0] Lo_ [Cz] [1J L1.1
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it follows that CBA maps

1 1 a, a, 0 0
0| —aaa; [0, -1\ = BB8B -1}, 0l =y |0].
0 0 c, ¢y 1 1

Thus CBA = I if and only if

(4-11) ajopos =B BBy =v7,73= 1.
From det A4 =det B =detC =1 we obtain the further conditions
(4-12) a By = ayB,7, =3By, = 1.

The invariants A, 7 of 4, B, C are then given by:
A‘(A)='11=a1> T(A)=T1=—ﬂ1+yl(pl—1),
(4-13) '1(3)='12=ﬂ2a T(B)='62=—y2+a2(p2— 1),
MC)=43=y;, TC)=71;=~a;+ f3(p;—1).
4.9. Now we may parametrize the space of convex RP*-structures on
M . Choose boundary invariants
('11 ’ Tl)a ('123 ‘[2)5 ('13a T3) ESR
={(A, 1) eRI0<Ai<1,2/Vi<t<i+A )
Then we seek
a]; a25 a35 ﬁl; ﬂz; ﬂ35 )’1’ y25 }’3 >0’
(4-14) Pis Pys P3>1,
g,,0,>0
with o, =4,, B, = 4,, v, = 4, satisfying the equations

_ﬂl + ’/1(/)1 - 1) =T,
(4-15) =Vt ay(py,—1)=1,,
—Q; +ﬂ3(p3 - 1) =13,

(4-16) o By, =yfy vy = ayByyy = oy = B BBy =717, =1,

(4-17) 0,0, = Py PyP3-

To fix the origin in our coordinates on & , we observe that a hyper-
bolic structure on S with geodesic boundary is determined up to isometry
by the lengths of the boundary curves, and thus that the corresponding
RP*-structure is determined by the germ of the structure near 8S. Since
a projective transformation preserving a conic has 1 as an eigenvalue, its
invariants satisfy 7 =1 + A~'. The condition that A, B, C preserve a



836 WILLIAM M. GOLDMAN

conic (i.e., the representation is conjugate to a representation in SO(2, 1))
is determined by checking that A, B, C preserve the bilinear form deter-
mined by the matrix

, 01 1
(4-18) 1 0 1
110

o) i 1

is an isotropic basis). Then 4, B, C preserve a conic if and only if the
boundary invariants satisfy 7, =1+ li_l and

(for which

A

= = = 2
\/ Agh,
A A
4- =3 = Y N I
( 19) ﬂ'llz’ ﬂz 125 )‘2)‘35
’12
and
A
p _(1+/1)(1+ — 1,
1 { 2‘12‘2
A
=(1+4,) (1+ —‘)
’12’13
(4-20)
A
p-(l—i—).)(l—i— —2>
3 3 /13/11
’12
t=1+ /1—3/1—1

We claim that the solutions are parametrized by arbitrary pairs s, 1 > 0
of positive real numbers. By taking logarithms, (4-16) is equivalent to a
system of six inhomogeneous linear equations in six real unknowns

loga,, loga,, log B, , log B4, log 85, logy, , logy,,
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which has rank 5. Thus the solutions of (4-16) are parametrized by a
positive real number s > 0 as follows:

= = = 2
)'l )'3)'1
)'3 )'1
#21) )“1)“2 B 12 | B )“2)“3
— )'2 — )'l —
SEET n g oA

By (4-14) all p, > 1 and, by (4-21) and (4-15), are given by quadratic
polynomials in s :

)

p =1+ .—3—“cls+&352,

4 2

A A 2

4-22 = 2i%2 21
( ) p,=1+ 7 ‘czs+/13 ,
_ Ayl Az 2

py=1+ —— TS+ A—ls

1 1 3.1/1 A 2 1 1 /13/1 Ay
=gty Lt =gty l+ﬁ”’

polynomials in s, s 1, ! , (l,.)l/z, (Al.)_l/z, 7,. It follows that the
fiber of the boundary-invariant map & — R s parametrized by arbi-
trary pairs

(s,5)eR, X

so that @ — %> is 2-cell fibration over the open 6-cell ,M> . This concludes
the proof of Proposition 4.3 and hence of Theorem 4.1.

5. Assembling convex RP*-manifolds

5.1. In this section the results of the two preceding sections are used to
prove Theorem 1. The proof is based on the Fenchel-Nielsen coordinate
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system on Teichmiiller space (compare [1, 3.2], [10, exposé 6], [17], [18],
[21], [38, §5]). Let M be a convex RP*-manifold representing a point
in PB(S), and fix a universal covering p: M — M, a fundamental group
n =7 (M) and a development pair (dev, #). To each simple closed curve
C C § there is a unique simple closed geodesic g, representing it; g.
develops to a principal line segment, and by 2.8 each tubular neighborhood
contains a principal annular neighborhood. It follows that the germ of the
RP’-structure at &c 1s completely determined by the conjugacy class of
the holonomy hA(y.) where y. € n corresponds to C. This conjugacy
class is recorded in the invariants 6(C) = (4, 7)(C):B(S) — B(C) = R
defined in 2.9. Recall that if 8§ =9,(S)U---UJ,(S) the map

9351‘3(5) — PBS) = Hip(alS) =R )

i=1

which records the germ of a convex RIP’2-manifold M near M is given
by
M— (6(0,M), -, 0(0,M)).

We shall prove Theorem 1 stated in the following form:
5.2. Theorem. Let S be a compact surface with x(S) < 0 and having
n > 0 boundary components. Then the map

is a fibration over the 2n-cell B(0S) with fiber an open cell of dimension
~8yx(S) —2n.
The proof of 5.2 will be based on the following two lemmas.

5.3. Lemma. Suppose that C C S is a two-sided simple closed curve
such that each component of S|C has negative Euler characteristic. Let

e B(S) — B(S|C)
be the map which arises from splitting a convex RP*-structure on S along

the closed geodesic homotopic to C. Let b , b, C 8(S|C) be the two

boundary components corresponding to C. Then there exists an R’-action
Y on PB(S) such that 1. is a Y-invariant fibration onto the subspace of
B(S|C) defined by the conditions

0(b,) = 0(b,),

and ¥ is simply transitive on each fiber of Il .. In particular each fiber of
Il is an open 2-cell.
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5.4. Lemma. Suppose that C C S is a one-sided simple closed curve.
Then the map

I B(S) — B(SIC)

which arises from splitting a convex RP*-structure on S along the closed
geodesic homotopic to C is a diffeomorphism.

Proof of 5.2 assuming 5.3 and 5.4. We claim that 5.2 follows for a
compact connected surface S with n > 0 boundary components satisfying
x(S) < 0 once it is known for each component of S|C where C C S isa
simple closed curve such that each component of S|C has negative Euler
characteristic. For every compact surface of negative Euler characteristic
can be split along such curves into pairs-of-pants as follows: If .S is not
already a planar surface, then S can be successively split along simple
closed curves to obtain a planar surface of the same Euler characteristic.
The resulting planar surface can then be split along a family of 3 — x(S)
disjoint simple closed curves into —yx(S) pairs-of-pants. For each cut,
the Euler characteristic of each component of the complement is negative
and (by additivity of x under identification along boundary components)
cannot be decreased. Thus the proof of 5.2 will be a double induction on
—x(S) and 2—x(S)+n where n is the number of boundary components.
The initial stage of the induction occurs when S is a pair-of-pants; that
special case of 5.2 was proved as Theorem 4.1. Thus we consider a simple
closed curve C ¢ S such that each component SY of S|C has negative
Ez;ger characteristic, and we inductively assume that 5.2 is valid for each
SV,

We begin with the case that C separates S into two components s
and S® . Write the components of 3.5 @ s 0,8 g st 6nl_S ) where

n; is the number of components of ast , and a,S(") is the boundary
component corresponding to C, for i = 1, 2. We denote the invariant

of c‘)jS(i) by Hj(.i) S m(ajs(")). By 5.2 applied to SY | the map
0,50 B(S") — P(85")

is a fibration with fiber a cell of dimension —8 x(S(i)) —~ 2n;. Thus their
Cartesian product 93(3,5)3‘3(S|C) — P((S|C)) is a fibration with fiber
a cell of dimension

(=8x(8") = 21)) + (=8x(S™) - 2n,) = —8x(S) = 2(n + 2)

(since n,+n, = n+2) over a cell of dimension 2(n+2). Now 5.3 implies
that the image II.(B(S)) equals the inverse image under 86(S| o) of the
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subset of P(8(S|C)) consisting of all

6", , 00,09, ..., 6

H
n, ny

satisfying 0(11) = 0(12) ; evidently this subset of P(2(S|C)) isa 2(n+1)-cell,
and I1-(*B(S)) is a cell of dimension

—8x(S)—2(n+2)+2(n+1) = —8x(S) — 2.

But 5.3 implies also that II. is a 2-cell fibration over its image and hence
P(S) is a cell of dimension —8x(S) as desired. Furthermore ©, is the
composition of 93(5(0 oIl with the projection
0", ..., 92), 952), . GZ))H (95”, o, 3;2), 0]
and is thus a (—8x(S) + 2n)-cell fibration as desired.

Next consider the case that C C S is a nonseparating two-sided simple
closed curve. In that case S|C is connected, has two more boundary
components than S, and x(S|C) = x(S). By 5.2 applied to S|C, the
map

O, s1c): B(SIC) = P(A(SIC))
expresses P(S|C) asa —8x(S)—2(n+2)-cell fibration over the 2(n+2)-cell
PB(3(S|C)) . Write the components of 8(S|C) as 9,(S|C), -+, 8,,,(S|C)
where 0,(S|C) and 9,(S|C) are the boundary components corresponding
to C. We denote the invariant of §,(S|C) by 6, € B(8,(S|C)). By 5.3
the image I1.(P(S)) equals the inverse image under @, $I0) of the subset
of P(A(S|C)) consisting of all

(6,6, 6,,5)

satisfying
0, =0,

Evidently this subset of P(8(S|C)) is a 2(n+ 1)-cell and thus I1-(P(S))
is a cell of dimension

—87(8) — 2(n +2) +2(n+ 1) = —8x(S) — 2.

As in the above case, 5.3 implies that Il is a 2-cell fibration over its image
and hence PB(S) is a cell of dimension —8x(S) as desired. Furthermore
0, is the composition of @0( sy © I1. with the projection

0,,0,,,0,,,)(0,,-,0,,,
and is thus & (—8x(S) + 2n)-cell fibration is desired.
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Finally consider the case that C is a one-sided simple closed curve in
S. Then S|C has one more boundary component than S and x(S|C) =
x(S). By 5.2 applied to S|C, the map

88(5|C):"B(S|C) — P(3(S[C))

expresses P(S|C) asa (—8x(S)—2(n+1))-cell fibration over the 2(rn+1)-
cell P(4(S|C)). By 5.4 the map

He:B(S) — B(SIC)
is a diffeomorphism. Now ©, is the composition of 8«9(5} o) ° I1,. with
the projection PB(4(S|C)) — P(S), which is a 2-cell fibration over a 2r-
cell; it follows that ©, is a (-8x(S) + 2n)-cell fibration over a 2n-cell
as desired. This concludes the proof of 5.2 assuming 5.3 and 5.4.

5.5. We now define the R” action ¥ on P(S). This action generalizes
the Fenchel-Nielsen twist flows (also known as “earthquakes”—see [10],
[29], [41], [9, 3.5]) on the Teichmiiller space. We define the action of
an element (u,v) € R? on a point in B(S) represented by a convex
RP*-manifold M . Thus for (u,v) € R? we construct a new convex RP’-
manifold ‘P(u,v)(M ) representing a point in B(s). Choose a universal
covering p: M — M and a development pair (dev, #). We assume that
C is a simple closed geodesic on M and that a representative element
y € n has been chosen so that A(y) € & is represented by the diagonal
matrix (1-1) satisfying (1-2). Clearly the centralizer of /4(y) in SL(3, R)
equals &/ whose identity component A4, is the direct product of the two
one-parameter groups

e 0 0 e’ 0 0
"= 0 1 0], =10 & 0 |,
0 0 e 0 0 e

where u, v € R. Consider the split RP*-manifold M |C; let b, b, C
8(M|C) be the two boundary components corresponding to C. For any
(u,v) e R”, there exist principal collar neighborhoods N(b,) ¢ M|C of
b, for i = 1,2 and a projective isomorphism f:N(b;) — N(b,) such
that f is related by dev to the projective transformation 7°U". As in
3.6 there is a corresponding RP’-manifold (M|C)/f representing a point
lI’(u,v)(M) in P(S). It is easy to check that (M|C)/f is independent

of the choices of collar neighborhoods and that ¥ determines an R’-
action on ‘B(S). (The flows ¥, o and ¥, , on PB(S) are actually
special cases of the “generalized twist flows” discussed in Goldman [15]
on Hom(n, SL(3, R)). The potential functions for these twist flows are



842 WILLIAM M. GOLDMAN

the invariant functions £(C) and m(C), respectively, defined in 1.8. A
generalization of these flows to real projective structures on hyperbolic
manifolds of higher dimension is discussed in Johnson-Millson [22].)

Proof of 5.3. An RP’-structure on S |C arises from an RP*-structure
on S if and only if there exist collar neighborhoods of the two bound-
ary components of S|C which are projectively isomorphic; the various
structures on S which give the same structure on S|C correspond to the
possible identifications between these collars. Suppose that M is a con-
vex RP’-manifold representing a point in B(S), and let b, , b, C 3(S|C)
be the two boundary components which correspond to C. By the Col-
lar Lemma 3.8 and the remarks in 2.6 there are collar neighborhoods
N(b,), N(b,) C M|g, which are projectively isomorphic, and the projec-
tive isomorphism class depends solely on the invariants of the holonomy.
Thus the image I1,(B(S)) consists of all convex RP?-manifolds in PB(S|C)
such that 6(b,) = 6(b,).

Clearly M|C = (‘I‘(u,v)(M )IC, so that I is invariant under the ac-
tion ¥. We now identify the fiber of Il, over the point in B(S|C) cor-
responding to a convex RP?-manifold M, diffeomorphic to S|C. Let M

be a convex RP*-manifold corresponding to a point in PB(S) such that
Mg, = M,. The fiber of II. may then be identified with all germs
of projective isomorphisms N(b;) — N(b,). By 2.8 this centralizer acts
simply transitively on the set of such germs; evidently the action of this
centralizer determines the action ¥ on PB(S). The proof of 5.3 is com-
plete.

Proof of 5.4. Suppose that C C S is a one-sided simple closed curve;
then topologically S is obtained from S|C by attaching a cross-cap to
the boundary component C, of S|C corresponding to C. Let M, be an
RP*-manifold representing a point in B3(S|C). Then the germ of the RP*-
structure at C; C M|, determines a unique principal cross-cap neighbor-
hood, and by 3.9 there is a unique RP’-manifold M obtained by attaching
this cross-cap. Thus Il is bijective and the proof of 5.4 is complete.

5.6. Using these techniques we can give explicit coordinates for the
space PB(S) in the spirit of Fenchel-Nielsen. These coordinates depend on
a decomposition of S as a union of pairs-of-pants P, ; since y(P)= -1,
there will be —x(S) pants in the decomposition. Let M be a convex RP*-
manifold representing a point in PB(S). To a simple closed curve C C S,
there are invariants

6(C) = (A(C), 7(C)) e R =P(C)
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or alternately
0(C) = ((C), m(C))e{(£, m)e R, xR||m| <L} =R =B(C).

The (¢, m) invariants may be preferable here because of their more geo-
metric interpretation as the generalization of the length coordinate in
the Fenchel-Neilsen description. For a given P,, write its boundary as
0P, = 8,(P)) U0,(P)Ud,(F). Then given boundary invariants

B(8,(P))., € POP) =R’

it follows from Theorem 4.1 that the RP*-structures on P, are parametrized
by R L xR, Suppose that C C S is a curve which lies on the common

boundary of two adjacent pants P, and PI2 . Then the RP’-structure on
1

PIz can be deformed so that the new RP’-structure on P,2 has the same
invariants ©, P, and the same invariants in P(P, ) = R_xR, as P, . This
1 1

deformation extends to a deformation of the RP’-structure on P, Uc P
I

to an RP’-manifold Q. Let 2CP11 denote the RP*-manifold obtained by
doubling PIl C M along the boundary component C; then by Lemma

5.3 there exists a unique (u, v) € R? such that Q= \P(u,v)(ZCPII)‘ We

regard (u, v)(C) = (u,v) € R’ as another pair of coordinates depend-
ing on the curve C ; these are the analogues of the twist parameter in the
Fenchel-Nielsen coordinates. Just as for the classical twist parameter these
coordinates are much less canonical than the (£, m)-coordinates associ-
ated to C; the choice of such coordinates is equivalent to finding a slice
for the R*-action ¥ associated with C.

We are now ready to define an explicit diffeomorphism to a cell. Let
S have boundary components b,, --- , b, , and cut .S along disjoint one-
sided simple closed curves a;, --- , a, (actually at most one such curve
will suffice). Decompose S into pants P, for / =1,---, —x(S) along
simple closed curves ¢, -+, s then it is easy to see that n+ m + 2p =
=3x(S). It follows from 4.1, 5.3 and 5.4 that the map

PB(S) - R x R x Rx R x (R, xR,)
defined by
M = {(Aby), Tb))Y, x {(A(a), T@))}
x {(A(c,), T(cp) s (u, V)(e)Yesy x {((s, HENIZED

is a diffeomorphism of ‘B(S) onto a —8(S)-dimensional cell.
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